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Abstract
Using the AdS/CFT duality, we study the expectation value of stress tensor in 2+1-dimensional
quantum critical theories with a general dynamical scaling z, and explore various constrains on
negative energy density for strongly coupled field theories. The holographic dual theory is the
theory of gravity in 3+1-dimensional Lifshitz backgrounds. We adopt a consistent approach to
obtain the boundary stress tensor from bulk construction, which satisfies the trace Ward identity
associated with Lifshitz scaling symmetry. In particular, the boundary stress tensor, constructed
from the gravitational wave deformed Lifshitz geometry, is found up to second order in gravitational
wave perturbations. The result is compared to its counterpart in free scalar field theory at the
same order in an expansion of small squeezing parameters. This allows us to relate the boundary
values of gravitational waves to the squeezing parameters of squeezed vacuum states. We find
that, in both cases with z = 1, the stress tensor satisfies the averaged null energy condition, and
is consistent with the quantum interest conjecture. Moreover, the negative lower bound on null-
contracted stress tensor, which is averaged over time-like trajectories along nearly null directions,
is obtained. We find a weaker constraint on the magnitude and duration of negative null energy
density in strongly coupled field theory as compared with the constraint in free relativistic field
theory. The implications are discussed.
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I. INTRODUCTION
The null energy condition states that the energy-momentum tensor Tab, contracted by all
null vector Ka, cannot be negative, namely TabK
aKb ≥ 0. This pointwise energy condition
bounds stress tensor in each spacetime points, and is satisfied by most of classical matter
fields. The null energy condition ensures that light rays are focused, and plays an essential
role in the singularity theorem and some other theorems in general relativity [1]. However,
it has been realized that quantum field theory allows to violate the pointwise energy condi-
tion [2]. The existence of negative energy density might result in violation of the second law
of thermodynamics [3, 4] and cosmic censorship [5], and can also lead to a spacetime with
exotic features such as wormholes, superluminal travel, or construction of time machines [6–
11]. Although pointwise energy can be negative, it is also found that any negative energy
density must be accompanied by positive energy density to place limits on the extent of the
energy condition breakdown [12–15]. This can be seen by considering the average of the
expectation value of the stress tensor on time-like or null-like geodesics. One example is the
averaged null energy condition ∫
〈Tab(λ)〉KaKbdλ ≥ 0 (1)
where the average is over a complete null geodesic and Ka is a tangent vector to the path.
While the averaged energy condition is verified in wide varieties of theories and spacetime
backgrounds, some negative lower bounds are also obtained in many cases with appropriate
sampling functions. These bounds usually imply the existence of quantum inequalities that
limit the magnitude and duration of negative energy density [13]. However for the averaged
null energy condition, the corresponding quantum inequality, which is invariant by rescaling
of an affine parameter, is only found in 1+1-dimensional quantum field theory [13, 16]. Even
so, it does not mean that in higher dimensions the magnitude of negative null-contracted
stress tensor is completely unconstrained. One can consider an alternative way to do the
average, which is along a time-like trajectory∫
gτ0(τ) 〈Tab(τ)〉KaKb dτ , (2)
where the sampling function gτ0(τ) is introduced, and is a function of the proper time τ that
parameterizes the time-like trajectory. This sampling function introduces a peaked value
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and a characteristic sampling scale τ0 over the proper time τ . In this case (2), the quantum
inequality for null-contracted stress tensor can be constructed [16]. According to [17], the
quantum interest conjecture states that an energy loan, namely the negative energy, must
always be repaid by the positive energy, with an interest which is determined by the mag-
nitude and duration of the loan. This results in the uncertainty-principle-type inequalities
to constrain the extent of negative energy density. In particular, the proof of the conjecture
for free massless scalar fields in an arbitrary quantum state in two and four-dimensional flat
spacetime is discussed in [17]. Another way to see the negative energy density for quantum
fields is to consider their subvacuum fluctuation effects on the dynamics of a particle, with
which quantum fields are coupled [18, 19]. An example of subvacuum phenomenon is the
suppression of quantum decoherence of a particle state due to an interaction with environ-
mental quantum fields with negative energy density [20, 21]. One of the quantum states in
quantum field theory that can have negative energy density in some spacetime region is the
squeezed vacuum state [19]. The squeezed vacuum states presumably can be generated in
laboratory experiments via the nonlinear-optics technique by squeezing the normal vacuum
state, in which the time-translational invariance is broken so as to produce nonstationary
quantum correlations. Some sort of quantum inequality on the dynamics of the particle
analogous to that for the energy density is considered [19]. Nevertheless quantum inequal-
ities are mostly studied in free field theories. The idea of this paper is to pursue above
mentioned bounds and subsequently derive quantum inequalities in strongly coupled fields,
obtained from the holographic approach.
The holographic duality, in its original formulation, is to relate a 4-dimensional Conformal
Field Theory (CFT) to the string theory in 5-dimensional anti-de Sitter (AdS) space [22].
Later, the idea of this holographic duality has been extended to other systems such as strong
coupling problems in condensed matter physics and the hydrodynamics of the quark-gluon
plasma. Moreover, considerable efforts have been focused on using the holography idea to
explore Brownian motion of a particle moving in a strongly coupled environment [23–34].
In addition, there have been extensive studies of above mentioned energy conditions with
the holographic approach. The conjecture of the quantum null energy condition with a
lower bound related to the von Neumann entropy is proposed to generalize the local null
energy condition [35]. This conjecture can be proved within the holographic framework
by finding the connection between the von Neumann entropy and the minimal surface in
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a gravity background [36]. The proof of averaged null energy conditions for a class of
strongly coupled conformal field theories is also studied within the context of AdS/CFT
correspondence [37], where the bulk causality can give constraints on the extent of negative
energy in boundary field theories. It will be thus of great interest to explore these energy
bounds in the specific holographic setup. In [38], the holographic stress tensor, obtained
from gravitational wave deformed AdS5 spacetime, is studied and found to behave like the
one for squeezed vacuum states in free scalar field theory up to second order in an expansion
of small squeezing parameters. In this case the stress tensor satisfies the averaged null energy
condition, and is consistent with the quantum interest conjecture proposed in [17]. In [34],
we explore subvacuum phenomena of a probed particle coupled to the squeezed vacuum
of strongly coupled quantum critical fields with a dynamical scaling z. The holographic
description corresponds to a string moving in 4 + 1-dimensional Lifshitz geometry with
gravitational wave perturbations. Additionally, the dynamics of a probed particle is realized
by the motion of the endpoint of a string at the boundary. In this paper, we extend the study
of [38] to quantum critical theories with their dual gravity theory in the Lifshitz backgrounds.
In particular, the holographic stress tensor, constructed from gravitational wave deformed
Lifshitz spacetime, is studied up to second order in gravitational wave perturbations. We
find that the leading term can have negative energy density, and in general shows oscillatory
behavior in time, while the subleading term is positive and constant in time. It is of interest
to compare with the expectation value of stress tensor of squeezed vacuum states for free
scalar fields in a small squeezing parameter expansion. The squeezed states are constructed
by squeezing the normal vacuum states so that the time-translational invariance is broken.
Thus, the corresponding energy-momentum tensor may become time-dependent, and, as will
be seen below, can have the same behavior as the holographic stress tensor order by order
in the small perturbations of gravitational waves. We then study the averaged null energy
conditions, and derive the associated quantum inequalities, if exist, for strongly coupled
quantum critical theories in the case of z = 1 with Lorentz symmetry.
In next section, we introduce the Lifshitz geometry in d + 1 dimensions, which is the
gravity background dual to quantum critical theories with a general dynamical scaling z in
spacetime dimension d. The AdS/CFT prescription is adopted to obtain the boundary stress
tensor from both gravitational wave deformed Lifshitz geometry and Lifshitz black hole in
3+1 dimensions. In Sec. 3, by comparing the stress tensor of boundary fields to that of
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free relativistic fields in squeezed vacuum states in 2+1 dimensions, the boundary values of
gravitational waves can be identified with the squeezing parameters in quantum field theory.
In Sec. 4, we show that, for small squeezing, in both strongly coupled quantum critical field
theories with z = 1 and free relativistic field theories the obtained stress tensor satisfies the
averaged null energy condition, and is consistent with the quantum interest conjecture. A
quantum inequality, which constrains the extent of negative null energy density, can be found
in strongly coupled field theories. This is then to compare with similar constraint derived
from free relativistic fields. We conclude in Sec. 5. The sign convention (−,+,+, ...) is
adopted in the d + 1-dimension metric in dual gravity theory with indices µ, ν, ... Indices
a, b, c... denote all spacetime coordinates in boundary field theory while i, j, k... denote only
spatial dimensions.
II. LIFSHITZ GEOMETRY AND ENERGY-MOMENTUM TENSOR
The theory of quantum critical points is a fixed point theory with the scaling symmetry:
t→ µzt , x→ µx . (3)
The holographic dual for such quantum critical theories in 2+1-dimension has been proposed
in [39], where the gravity theory is in the 3+1-dimensional Lifshitz background. We start
from the general d+1-dimensional Lifshitz background with the metric,
ds2 = g(0)µν dx
µdxν = − r
2z
L2z
dt2 +
L2
r2
dr2 +
r2
L2
dxidxi , (4)
where the above scaling symmetry (3) is realized as an isometry of the metric. This gravity
background (4) can be engineered by coupling gravitation fields with negative cosmological
constant to massive Abelian vector fields [40]. The corresponding action is given by:
S =
1
16πGd+1
∫
dd+1x
√−g (R + 2Λ− 1
4
FµνFµν − 1
2
m2AµAµ) . (5)
In addition to the Einstein-Hilbert action and the cosmological constant Λ term, the action
for a vector field Aµ with mass m is introduced. Moreover Fµν is the field strength of Aµ.
The action yields the equations of motion for the metric and vector fields,
Rµν = − 2Λ
d− 1gµν +
1
2
gαβFµαFνβ + 1
2
m2AµAν − 1
4(d− 1)FαβF
βαgµν , (6)
DµFµν = m2Aν , (7)
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where Dµ is a covariant derivative with respect to the background metric gµν . The vector
field is assumed to be
Aµ = A r
z
Lz
δ0µ . (8)
Then the Lifshitz background in (4) can be achieved by setting
A =
√
2(z − 1)
z
, m2 =
(d− 1)z
L2
, Λ =
(d− 1)2 + (d− 2)z − z2
2L2
. (9)
Later we will construct the boundary stress tensor from the perturbations of gravitational
waves in the Lifshitz background.
In AdS space, the boundary stress tensor can be defined by varying the action with
respect to the induced boundary metric γab, constructed from
γµν = gµν − nµnν , (10)
where the unit vector nν is orthogonal to the boundary and outward-directed [41, 42].
However, for the Lifshitz background, which involves massive vector fields, it is found that
the boundary stress tensor is more appropriately constructed by introducing a set of frame
fields, by which the induced metric γab on the boundary can be expressed in terms of the
flat metric ηAB to be [43]
γab = ηAB e
A
a e
B
b . (11)
The introduction of the above frame fields also allows us to write the vector fields as
Aa = AA eAa . (12)
Then the conserved boundary stress tensor can be derived by
τab = − 1√−γ
δSgraity
δeAa
ebA , (13)
where the functional derivative is taken with respect to the on-shell gravity action Sgravity
by holding ηAB and AA fixed [43]. The stress tensor above (13) will be evaluated at the
boundary, r = rb. The stress tensor defined in this way normally diverges when taking the
boundary to infinity, rb →∞. To render it finite, the appropriate counterterms need to be
introduced for cancelling these divergent pieces. Although there does not exist relativistic
covariant stress tensor for a general dynamical scaling z, the resulting stress tensor obeys
the trace Ward identity, which is required from the symmetry of Lifshitz scaling [40]. In
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below, we will mainly consider the 3+1-dimensional Lifshitz background, and the full action
(5) in 3+1 dimensions becomes
S3+1 =
1
16πG4
∫
d4x
√−g (R + 2Λ− 1
4
FµνFµν − 1
2
m2AµAµ) , (14)
and the counterterms are found uniquely to be [44]
Sc =
1
8πG4
∫
d3 ζ
√−γ(Θ− 2− z
2
A
√
−AaAa
)
, (15)
where ζa are the coordinates on the boundary, and A is defined in (9) for d = 3. In addition,
Θ is the trace of the extrinsic curvature on the boundary,
Θµν = −γαµDαnν , (16)
in which the unit vector nν again is orthogonal to the boundary and outward-directed. We
thus consider the gravity action as Sgravity = S3+1 + SC and choose the coordinates so that
the background is asymptotically with the metric g
(0)
µν in (4). With the appropriately chosen
frame fields e0a = (
r
L
)zδ0a and e
i
a =
r
L
δia, the definition of the energy-momentum tensor in (13)
gives [44]
16πG4τ00 = 2S00 + S0A0, 16πG4τij = 2Sij + SiAj , (17)
16πG4τ0i = −2S0i − S0Ai, 16πG4τi0 = −2Si0 − SiA0 , (18)
where
Sab = Θab − γabΘ− 2
L
γab − z
2L
A√−AcAc
(AaAb −AcAcγab) (19)
and
Sa = −Faνnν + z
L
A√−AcAc
Aa . (20)
Because Sa and Aa have the time component only and Sab is diagonal, the components of
τ0i and τi0 are zero. Therefore the nonzero components τ00 and τij will be computed later.
The boundary fields live on the flat metric ηab, which is related to the induced metric γab by
the conformal transformation. Thus the expectation values of the stress tensor operators,
〈Tab〉 can be derived from τab by
√−ηηab〈Tbc〉 =
√−γγabτbc . (21)
In what follows, we will consider the gravitation perturbations in dual gravity theory, from
which the stress tensor of boundary fields is obtained.
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A. Gravitational Waves
The above-mentioned method will be adopted to calculate the boundary stress tenor dual
to the Lifshitz background with the perturbations from gravitational waves. We consider
the background with the metric g
(0)
µν in (4) plus small perturbations due to gravitational
waves,
gµν = g
(0)
µν + δg
(1)
µν . (22)
These gravitational waves can be parameterized as
δg(1)µν = ξµν
r2
L2
φ(t, r) , (23)
where ξµν is a traceless, symmetric constant tensor with nonzero components ξi j along
spatial directions i, j only. The equation of motion for gravitational waves can be found by
linearizing (6) around the background solutions in (4) and (8) given by
− r
−2z
L−2z−2
∂2t φ(t, r) + (3 + z) r∂rφ(t, r) + r
2 ∂2rφ(t, r) = 0 . (24)
The normalizable general solution can be written as
φ(t, r) = r−
2+z
2
∫ ∞
0
dω ϕ(ω) J 2+z
2z
(
Lz+1ω
zrz
)
e−iωt + h.c. , (25)
where Jν(x) is the Bessel function of the first kind. The boundary is the time-like surface
located at r = rb with normal unit vector n
µ = rb
L
δµr . The induced boundary metric γab
defined in (10) then becomes
γ00 = − r
2z
b
L2z
, γij =
r2b
L2
δij + ξij
r2b
L2
φ(t, rb) . (26)
To linear order in gravitational perturbations, the extrinsic curvature (16) is obtained as
Θ00 =
r2zb z
L2z+1
, Θij = − r
2
b
L3
δij − ξij r
2
b
L3
(
φ(t, rb) +
rb
2
∂rφ(t, rb)
)
, (27)
and from (17) the boundary stress tensor can be read off to be
16πG4τ00 = 0, 16πG4τij = −ξij r
3
b
L3
∂rφ(t, rb) . (28)
Thus, using the conformal factor (21), the expectation value of the stress tensor which
is rb-independent in the rb → ∞ limit, is found, to leading order in gravitational wave
perturbations, to be
16πG4〈T (1)00 〉 =
r2−zb
L2−z
τ00 = 0, 16πG4〈T (1)ij 〉 =
rzb
Lz
τij = − r
3+z
b
L3+z
ξij ∂rφ(t, rb) (29)
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To see this, we use the asymptotic property of the Bessel function Jν(x→ 0) ≈ xν and the
behavior of φ in (25) is found to be
φ(t, r →∞) = r−2−z
∫
dω ϕ(ω)
1
Γ(1
z
+ 3
2
)
(
Lz+1ω
2z
) 2+z
2z
e−iωt . (30)
Substituting the above form into (29), 〈Tˆij(t, rb →∞)〉 is independent of rb, namely
〈T (1)ij (t, rb →∞)〉 ≡ 〈T (P )ij (t)〉 =
L
1
z
− 3
2
− z
2
16πG4
(2 + z)(2z)−
2+z
2z
Γ(1
z
+ 3
2
)
ξij
∫
dω ϕ(ω)ω
2+z
2z e−iωt , (31)
where ϕ(ω) will be fixed later by the boundary condition of gravitational waves in (30).
As long as ϕ(ω → 0) is regular, 〈T (P )ij (t)〉 vanishes as t → ∞. As in [38], we assume that
the gravitational waves are generated at time t = 0. They then propagate toward large
r, and reach the boundary. As a result, the boundary stress tensor reveals an oscillatory
behavior in time and can be negative, leading to the so-called energy loan. In the terminology
introduced by [17], this contribution to the expectation value of the stress tensor is called
the principal, denoted by 〈T (P )ij 〉 [38]. Apparently, this stress tensor satisfies the trace Ward
identity associated with Lifshitz scaling symmetry [40],
z 〈T 00 〉+ 〈T ii 〉 = 0 , (32)
where at this order 〈T 0(P )0 〉 = 0 by construction and 〈T i(P )j 〉 is traceless due to the traceless
polarization tensor ξij. The conservation of the energy-momentum is also trivially satisfied.
B. Backreacted Geometry: Lifshitz Black Brane
The gravitational waves will backreact on the metric, which in turn gives corrections
to the stress tensor. The second order correction in terms of small boundary values of
gravitational waves φ is found to be positive, and is called the interest in [17, 38], with
which to repay the energy loan obtained in the first order perturbations. For a specific
choice of φ and the smearing function to be introduced later, we find that the interest may
possibly be greater than the principal so that the sum of two pieces becomes positive in
accordance with the quantum interest conjecture. We will argue later that the higher order
terms, after being smeared over the parameter specifying the prescribed path, are subleading
to both the principal and interest. So, one can obtain sensible results by keeping the terms
up to second order in gravitational perturbations.
9
The second order perturbations in principle can be calculated by solving nonlinear field
equations (6) order by order with an input of the linear order results. In [38], Polchinski
et.al. consider the spherically symmetric gravitational wave as the first order perturbation,
which is generated at small r in the bulk and then propagates toward the boundary at
larger rb. According to the Birkhoff theorem for cosmology constant [47], any spherically
symmetric solution of source-less Einstein equations but with a cosmological constant, is
locally isometric to a region in Schwarzschid-de Sitter(anti-de Sitter) spacetime character-
ized by a mass parameter and cosmological constant. Thus, by means of the above-stated
theorem, the backreacted geometry near the boundary can be parameterized by the metric
of a neutral non-rotating AdS black hole with the same total energy as that of gravita-
tional waves due to the spherically symmetric distribution of energy density. As for Lifshitz
spacetime under consideration, the spherically symmetric static black hole solutions for the
theory with action (5) are reviewed in [46]. It is possible to extend the Birkhoff theorem to
include massive vector fields as in the action (5) and is discussed in [47]. Since the gravita-
tional wave perturbation in (25) is found to propagate in Lifshitz spacetime with spherical
symmetry, along the lines of above arguments on AdS space, we can then parameterize the
backreacted metric by that of a Lifshitz black hole with energy density contributed from
gravitational waves. As mentioned previously, the obtained second order perturbations can
be checked from straightforward perturbation calculations and this deserves further study.
Later we mainly consider the z = 1 case, which is pure AdS space, to explore the null energy
conditions and their associated quantum inequality.
The geometry near the boundary, which is relevant for the calculations of stress tensor,
is then asymptotic to the black brane metric in Poincare-like coordinate as given in [48].
Following [48], we assume the asymptotic form of the metric to be,
− r
2z
L2z
(1 + I(r))dt2 +
L2
r2
(1 +B(r))dr2 +
r2
L2
(1 +K(r))dxidxi , (33)
and perturbed vector fields are parameterized as
Aµ = A
rz
Lz
(1 + J(r) +
1
2
I(r))δ0µ . (34)
Their equations of motion can be found from linearizing (6), and for z 6= 2 they are
− 4zB(r) + 3rI ′(r)− zrB′(r) + 2(3 + z)rJ ′(r) + 2zrK ′(r) + r2I ′′(r) + 2r2J ′′(r) = 0 , (35)
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and
−z(5 + z)B(r)− 2(z − 1)(4 + z)J(r) + (4 + z)rI ′(r)− zrB′(r)− 2(z − 1)rJ ′(r)
+2zrK ′(r) + r2I ′′(r) = 0 ,
(4 + z + z2)B(r) + 2(z − 1)zJ(r)− (2 + z)rI ′(r)− (2 + z)rB′(r)− 2(z − 1)rJ ′(r)
+6rK ′(r) + r2I ′′(r) + 2r2K ′′(r) = 0 ,
−(4 + z + z2)B(r) + 2(z − 1)zJ(r) + zrI ′(r)− rB′(r) + 2(z − 1)rJ ′(r)
+(5 + z)rK ′(r) + r2K ′′(r) = 0 , (36)
where the prime means the derivative with respect to r. Eq.(35) is given by Maxwell
equations while the others (36) come from Einstein equations. According to [48], the gauge
is fixed by choosing B(r) = 0. In this case, the relevant solutions in the limit of large r for
constructing the boundary energy-momentum tensor later are obtained as
J(r) = −C z + 1
z − 1 r
−z−2 ,
I(r) = C
4
z + 2
r−z−2 ,
K(r) = C
2
z + 2
r−z−2 . (37)
For z = 1, since the spacetime reduces to pure AdS space where A in (9) vanishes, the
perturbation of the vector field (34) also vanishes. Then I(r) and K(r) in the metric
perturbations are straightforwardly given by (36) with z = 1. Using the prescriptions (17)
and (21), they leads to the boundary stress tensor to second order in gravitational wave
perturbations, which is given by
16πG4〈T (2)00 〉 =
4C
z L3+z
(z − 2) ,
16πG4〈T (2)ij 〉 =
2C
L3+z
(z − 2)δij , (38)
where C can be determined by matching the black brane mass density to that of gravita-
tional waves. As long as z 6= 2, the leading order results (37) in a large r expansion give
nonvanishing stress tensor. For z = 2, the stress tensor will be determined by their next or-
der terms that are beyond our consideration in this paper [48]. Notice that different choices
of the gauge fixing may give different expressions for the metric, but they all lead to the
same stress tensor [44, 48]. In [48], the metric described by the solution (37) is found, and is
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actually the Lifshitz black brane metric with the energy density M = 〈T00〉. As in [38], we
can also assume that all this energy density comes from the energy density of gravitational
waves given by
M =
L−3−z
8πG4
∫
dr r3+z
(
r−2z−2
L−2z−2
(∂tφ)
2 − (∂rφ)2
)
=
L−1+z
8πG4
∫
dr r1−z
(
(∂tφ)
2 − φ∂2t φ
)
, (39)
where the linearized equation of motion for the φ field (24) is used. Substituting the solution
(25) to the above expression and using the orthogonal properties of Bessel functions, the
total energy density can be simplified as
M =
zL−3−z
2πG4
∫ ∞
0
dω ω|ϕ(ω)|2 . (40)
Then the sub-leading boundary stress tensor, the interest, in terms of M can be expressed
as
〈T (I)00 〉 =M, 〈T (I)ij 〉 =
z
2
Mδij , (41)
where the trace Ward identity (32) is satisfied. All components of the stress tensor in
this order are uniform with no spacetime dependence and the conservation of the obtained
energy-momentum is apparent.
Based upon the idea of the bottom-up approach, we assume that there exists a well
defined field theory dual to this holographic model. In the following, we will study the
squeezed vacuum states in a free field theory and find the counterparts of the principal and
interest of stress tensor. This suggests that the squeezed vacuum state can be a possible
candidate of the field theory model dual to the gravity theory in gravitational wave deformed
Lifshitz geometry.
III. SQUEEZED VACUUM STATES IN FREE FIELD THEORY
In this section, the holographic stress tensor is to be compared with the expectation
value of stress tensor in free field theory. This allows us to establish the dictionary between
the squeezing parameters of squeezed vacuum states for free fields and the boundary values
of gravitational waves. The dual description for squeezed vacuum states in bulk theory
is assumed to be the perturbed geometry from gravitational waves [34, 38]. The faithful
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justification of the duality needs the order by order comparison for all correlations obtained
from bulk theory and boundary field theory. However, here we will restrict ourselves to the
comparison up to second order in an expansion of small squeezing parameters.
We now consider the squeezed vacuum states in 2+1-dimensional free field theory with N2
real scalars, Ψmn where m,n = 1, 2...N . It is known that the definition of the stress tensor
is not unique, and the so-called improved form of conformal invariance can be constructed
to be [49]
Tab = Tr
[
2
3
∂aΨ∂bΨ− 1
6
ηab(∂cΨ)
2 − 1
3
Ψ∂a∂bΨ+
1
9
ηabΨ∂
2Ψ− 1
24
(ηab∂
2 − ∂a∂b)Ψ2
]
(42)
with the metric of Minkowski spacetime ηab. Later we will evaluate the expectation value
of the stress tensor with the on-shell condition imposed. To simplify the notation, we write
each of the scalar fields as ψ, which can be expanded in terms of creation and annihilation
operators to be
ψ(x, t) =
∫
d2k
(2π)2
(akfk(x, t) + a
†
k
f ∗
k
(x, t)) . (43)
The above mode functions are chosen as
fk(x, t) = e
−iωkt+ik·x (44)
with the dispersion relation ωk = |k|. The squeezed vacuum states are constructed out of
the pure vacuum state by,
|F 〉 = exp
[
1
2
∫
d2k
(
F ∗(k) a†
k
a†−k − F (k) aka−k
)]
|0〉 , (45)
where F (k) is the squeezing parameter. Thus, in the case of weak squeezing, the nonzero
components of the expectation value of the renormalized stress tensor can be found in a
small F (k) expansion as [38]
〈T (1)ii 〉R = N2
∫
d2k
(2π)2
1
2ωk
(
k2i −
1
2
ωk
2
)
F (k) e−2iωkt + h.c. ,
〈T (1)ij 〉R i 6=j = N2
∫
d2k
(2π)2
1
2ωk
kikj F (k) e
−2iωkt + h.c. ,
〈T (2)00 〉R = N2
∫
d2k
(2π)2
ωk
2
|F (k)|2 ,
〈T (2)ii 〉R = N2
∫
d2k
(2π)2
k2i
2ωk
|F (k)|2 , (46)
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where the contributions from the pure vacuum state are subtracted. Here we assume
F (k) = F (−k) so that by construction all nonzero components of the stress tensor have
their counterparts in the dual holographic model [38].
Now it is straightforward to find that 〈T (1)00 〉R and 〈T (1)0i 〉R vanish. The behavior of 〈T (1)ij 〉R
reveals spatially homogenous, but oscillatory in time. Thus, as compared with the holo-
graphic calculation (31), we identify this piece with the principal. The stress tensor in
second order 〈T (2)〉R is positive and time independent. This piece can be considered as the
interest as in (41). Notice that both of the stress tensors have the same scaling as N2.
Thus, we can relate ϕ(k) in (31) with an angle-averaged squeezing parameter of F in (46) (
F¯ (k) = 1
2π
∫
dθF (k)), up to a numerical factor, as
ϕz=1(k) =
L3√
2
√
k F¯ (k) . (47)
Note that the AdS/CFT dictionary,
G4 =
L2
N2
(48)
is used. For a general Lifshitz scaling z, this identification can be generalized as
ϕ(Lz−1kz) =
z√
2
L3k1−
z
2 F¯ (k) . (49)
Once the relation between the squeezing parameter of quantum field theory and the bound-
ary values of gravitational waves in dual holographic theory is established, we can then com-
pare the properties of stress tensors in strongly coupled field and free scalar field theories.
Notice that the above identification is not uniquely specified for a general z. Nevertheless, by
summing over all momentum modes, different ways of identification will still render the same
expression of stress tensor given by (31) and (41) in terms of dimensional quantities, but
with different overall constants that also depend on the choices of the momentum-dependent
function F .
IV. AVERAGED NULL ENERGY CONDITION AND QUANTUM INEQUALITY
We now study the averaged null energy conditions and quantum inequalities given by
a Lorentz invariant expression. Thus, the strongly coupled quantum critical fields with
z = 1 will be considered. The corresponding behaviors for free relativistic fields will also be
obtained for a comparison.
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A. strongly coupled fields with holographic approach
It is quite straightforward to find whether or not the averaged null energy condition (1)
is satisfied in a strongly coupled field theory for z = 1. The null tangent vector is chosen
to be Ka = (1, 0,−1) and the trajectory along the null direction is parameterized by an
affine parameter λ as xa = λKa. Here we first consider the stress tensor of quantum critical
theories in dimension d = 3 and for a general z. The squeezing parameter F is assumed to
be [38]
F (k) = α
k22
k2
e−σk
2
(50)
where α is a small negative value. The width of the momentum-dependent function in the
squeezing parameter F is characterized by 1/
√
σ. The angle-averaged F (k) is
F¯ (k) =
α
2
e−σk
2
. (51)
Then with the above specification of F¯ and the identification of ϕ in (49), the principal and
interest parts of the stress tensor in (31) and (41) in terms of an affine parameter λ can be
obtained straightforwardly as
〈T (P )22 〉 =
−|α|N2
64
√
πz
σ−
1
2
− 1
zL
2
z
−2
(
1
2
− λ
2
σ
)
e−
λ2
σ , (52)
〈T (I)00 〉 =
2
z
〈T (I)22 〉 =
3 |α|2N2
32πz
2
1
z
− 7
2 Γ(
5
2
− 1
z
) σ−
1
2
− 1
zL
2
z
−2 (53)
with the chosen ξ22 = 1. Now we introduce the smearing function over the affine parameter
to be
gλ0 =
2
λ0
(
λ0 − |λ|
λ0
)3 [
θ(λ+ λ0) + θ(λ0 − λ)
]
, (54)
which has support only on −λ0 < λ < λ0. The averaged value of null energy density,
expressed in a Lorentz invariant form for the case of z = 1, is given by∫
gλ0(λ) 〈Tab(λ)〉KaKb dλ
=
2
λ0
∫ λ0
−λ0
dλ
(
λ0 − |λ|
λ0
)3
(〈T00〉+ 〈T22〉) (λ)
=
3 |α|2N2
32π
2−
3
2 Γ(
3
2
)
1
σ
3
2
− 3 |α|N
2
64
√
π
1
σ
3
2
σ
λ20
, (55)
where 〈T0i〉 = 0 is recalled by construction from dual gravity theory. The averaged null
energy density can be negative for small λ0, but satisfies the averaged null energy condition
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in the large λ0 limit. The interest in (41), which gives the positive contribution to the stress
tensor, is the second order term in a small squeezing parameter F . When λ0 becomes large,
the term of the interest becomes dominant over the principal, obtained from (31) by setting
t = λ0 along the null trajectory, which settles to zero in an oscillatory way. In the end, the
sum of two pieces of the stress tensor becomes positive as λ0 →∞, which is consistent with
the quantum interest conjecture. One may worry that the perturbation expansion breaks
down when the second order effect becomes larger than its first order one. However we now
show that this is not the case. In general, the higher order terms in small F may depend
on an affine parameter λ or not. For those λ-independent terms, their contributions to null
energy density is higher order in α as compared to the first term in (55). As for the λ-
dependent terms, after being smeared over the affine parameter with the function gλ0 (54),
their magnitudes apparently increase with σ. Thus, for λ0 ≫
√
σ, the contributions from
them to the null energy density should depend on (σ/λ20)
n (n ≥ 1) as long as the null stress
tensor such as (52) and (53) is a regular function in the limit of λ→ 0. Thus, the smeared
higher order terms with λ-dependence also lead to smaller contributions as compared to the
second term in (55). Accordingly, the results we obtain up to the second order terms are
sensible.
To find a quantum inequality to constrain the magnitude and duration of negative energy
density based upon this holographic setup, we will merely consider quantum critical fields
in the z = 1 and d = 3 case by following [37]. In the z = 1 case, the background is just the
3+1-dimensional AdS space and the metric can be written from (4) as
ds2 =
L2
ρ2
(dρ2 − dudv − dvdu+ dy2) , (56)
where we have set ρ = L
r
, u = 1√
2L
(t+x2), v =
1√
2L
(t−x2) and x1 = yL . Then, the perturbed
metric can be parameterized as
L2
ρ2
(
dρ2 − dudv − dvdu+ dy2 + ρ3(tuudu2 + tvvdv2 + tuvdudv + tyydy2)
)
. (57)
In the limit of r →∞ (ρ→ 0) and using the identification (21), we can write
tuu =
8πG4L
3
〈Tab〉KaKb +O(ρ2) , (58)
where Kµ = (1, 0,−1) is described above. Since the subleading terms of order ρ2 in the
metric expansion are found to give small corrections in deriving quantum inequalities below
16
FIG. 1: The time-like trajectory in the bulk by following [37].
(see appendix for detailed discussions), we ignore them henceforth. We now construct a
causal (time-like) trajectory in the bulk shown in Fig.1. The path is chosen to be close to
the boundary as ε → 0, and become a null trajectory in the boundary for a large value of
u0.
The bulk causality gives an inequality with a bound,
2
u0
∫ u0
−u0
du
(
u0 − |u|
u0
)3 (〈Tab(u, 0)〉KaKb) ≥ − 3N2
2πL3
1
u
5/4
0
(59)
that is consistent with [37]. All detailed proof will be described in Appendix. In the u0 →∞
(ε → 0) limit, since the path in the boundary becomes null-like, we can identify u =
√
2
L
λ,
where λ is an affine parameter along the null geodesic. The stress tensor is found to satisfy
the average null energy condition as:
lim
λ0→∞
∫
dλ gλ0(λ)
(〈Tab(λ)〉KaKb) ≥ 0 (60)
with the sampling function gλ0(λ) (54). Thus, we have a general proof of the null energy
condition for the holographic stress tensor in z = 1 case as the sampling function is chosen
in (54).
Nevertheless the above lower bound for a finite λ0 is not invariant under rescaling of an
affine parameter that may not be meaningful. In free relativistic field theory, such lower
bound for null-like geodesics does not exist either, except in 1+1 dimensions as will be seen
later.
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Therefore we come to find a possible quantum inequality by evaluating the null-contracted
energy density along some other path rather than a null geodesic. In [16], the null-contracted
energy density along the time-like path is considered. Such a transverse smearing [50] gives a
lower bound on the null energy density. To do so, in the holographic framework, we evaluate
tuu along a time-like path in the boundary by setting v = −v(u) in (78) (also see Appendix
for details). Thus, the quantum inequality is achieved in terms of v = −v(u) with a bound,
2
u0
∫ u0
−u0
du
(
u0 − |u|
u0
)3 (〈Tab(u,−v(u))〉KaKb) ≥ − 3N2
2πL3
1
u
3/2
0
. (61)
The prescribed time-like path has velocity V ≃ 1 + dv(u)
du
≃ 1 − u−3/20 . In particular, for a
large value of u0, the path is close to the null trajectory with Lorentz factor γ ≃ (τ0/L)3 ≫ 1
where a proper time τ0 ≃ γ−1u0 ≃ Lu1/40 . The bound can be expressed in a Lorentz invariant
form: ∫
dτ gτ0(τ)
(〈Tab(τ)〉KaKb) & − 3N2
2πL3
L6
τ 60
, (62)
that is now a function of the proper time with the smearing function g(τ0)(τ) given in (54).
Again, as τ0 →∞, the above inequality leads to the averaged energy condition. Notice that
since V a = (γ, 0,−γV ) andKa = (1, 0,−1), (VaKa)2 ≃ γ2 ≃ L6/τ 60 for a large γ factor. Thus
the right hand side of the bound can be written in the form (VaK
a)2 of manifest invariance
under the rescaling of an affine parameter. This inequality (62) is one of the main results in
this work. Notice that the above inequality is achieved by explicitly constructing a particular
path. From the boundary point of view [51], we may regard L as a characteristic length
scaling of quantum critical theories. The 1/L3 dependence in (62) gives correct units for
energy density in 2+1-dimensional spacetime. Later we will compare with similar inequality
obtained from free relativistic field theory in that the expected dependence with units of
energy density is characterized by 1/τ 30 . For τ0 > L, the inequality from strongly coupled
field will give a weaker constraint on negative null energy density as compared with the
constraint from the free relativistic field when they both have same value of (KaVa)
2.
To see the consequence of the negative lower bound, we will derive the constraint on the
duration of null negative energy. The averaged stress tensor over a time-like path can be
found from (52) and (53) in that the affine parameter is replaced by a proper time, λ→ γτ
in the case of z = 1. We can see that, within the initial time ∆τ =
√
2σ/γ, the null energy
density is dominated by the piece of negative energy density with its magnitude in a spatial
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region Ω2 to be
|∆E|
Ω2
=
|α|N2
128
√
π σ3/2
. (63)
With the result (55) by letting λ = γτ0 and z = 1, the bound (62) gives an inequality as
N2
σ3/2
(
3|α|2
256
√
2
√
π
− 3|α|
64
√
π
σ
γ2 τ 20
)
& − 3N
2
2πL3
L6
τ 60
. (64)
Within the above ∆τ , the most stringent bound imposed on negative energy density can be
obtained by ignoring its positive contribution and letting σ = τ 20 γ
2|α|, giving
|∆E|
Ω2
(∆τ)3 ≤ N
2
√
2π
√
|α| L
3
τ 30
. (65)
Again, the above bound is valid for τ0 ≫ L from the holographic construction. Recall that
the above quantum inequality is for the time-like trajectory with velocity
V = 1− 1
(τ0/L)6
, (66)
which means that the bound is valid only for the geodesic path very close to be null. Later
we will make a comparison with the quantum inequality from free relativistic field theory
with the same V , where a more restricted condition on negative energy is expected.
B. free field theory
We now turn to considering the average null energy condition for conformally coupled free
massless scalar fields in 2+1 dimensional Minkowski spacetime for a comparison. We choose
the small squeezing parameter F in (50). With the same null tangent vector Ka = (1, 0,−1)
as above and the sampling function (54), the averaged null energy for the stress tensor over
an affine parameter, which can be obtained from (46) by letting λ = t, up to the second
order in small F , becomes
∫
gλ0(λ) 〈Tab(λ)〉RKaKb dλ =
2
λ0
∫ λ0
−λ0
dλ
(
λ0 − |λ|
λ0
)3
(〈T00〉R + 〈T22〉R) (λ)
=
9 |α|2N2
1016
√
π
σ−
3
2 − 3 |α|N
2
64
√
π
σ−
3
2
σ
λ20
. (67)
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We then find the associated quantum inequality, if exists. The explicit expressions for the
relevant Tab are given by (42),
T00 = N
2
(
3
4
ψ˙2(x)− 1
4
(
ψ˙2(x)− (∇ψ(x))2)− 1
4
ψ(x)ψ¨(x)− 1
36
ψ(x)∂2ψ(x)
)
,
Tii = N
2
(
3
4
(∂iψ(x))
2 +
1
4
(
ψ˙2(x)− (∇ψ(x))2)− 1
4
ψ(x)∂2i ψ(x) +
1
36
ψ(x)∂2ψ(x)
)
,
T0i = N
2
(
2
3
ψ˙∂iψ − 1
3
ψ∂iψ˙
)
. (68)
For the purpose of showing potential divergence in deriving quantum inequalities, let us
consider the trajectory xaǫ = λ(1, 0,−v), where v = 1 − ǫ, and in the limit ǫ → 0+ the
trajectory is along the null geodesic. The mode functions (44) evaluated along this nearly
null geodesic are
fk,v(x) = e
−i(k+vk2)λ . (69)
Now the mode functions are smeared by the sampling function gλ0(λ) in (54), and become:
h±
kv ≡ hkv =
2
λ0
∫ λ0
−λ0
dλ
(
λ0 − |λ|
λ0
)3
e±i(k+vk2)λ√
2k
= −
√
2
k
1
(k + vk2)4λ40
[
12− 12 cos[(k + vk2)λ0]− 6(k + vk2)2λ20
]
. (70)
The dot means the derivative with respect to time t. After taking integration by parts and
dropping out irrelevant total derivative terms, the null contracted stress tensor, TabK
aKb =
T00 − T02 − T20 + T22, can be cast into the form of the product of the operator and its
hermitian conjugate. Thus, its expectation value is positive definite as below:∫
dλ gλ0(λ)〈T00 − T02 − T20 + T22〉(λ) = N2
∫
d2k
(2π)2
d2k′
((2π)2
(k + k2)(k
′ + k′2) hkvhk′v
×
[
− 〈ak ak′ + 〈ak a†k′〉 + 〈a†k ak′〉 − 〈a†k a†k′〉
]
≥ 0 . (71)
As such, the renormalized 〈Tab〉KaKb by normal-ordering is found to have a lower bound,∫
dλ gλ0(λ)〈Tab(λ)〉RKaKb ≥ −N2
∫
d2k
(2π)2
d2k′
((2π)2
(k + k2)(k
′ + k′2) hkvhk′v
×
[ (
〈ak′ a†k〉 − 〈a†k ak′〉
)]
= −N2
∫
d2k
(2π)2
(k + k2)
2 h2
kv = −N2
27
5
1
λ30 (1 + v
2)
√
1− v2
≃ −N2 27
10
1
λ30ǫ
(72)
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The integral diverges in the light-cone limit ǫ→ 0+. Thus, for a finite λ0, there is no lower
bound for free relativistic field theory. This is consistent with the findings in [16].
According to [16], an alternative way to obtain quantum inequalities is to consider the
null-contracted stress tensor in a rest frame of the time-like trajectory described by a proper
time τ . In this frame, the negative lower bound for the average null energy is obtained
from (72) by setting v = 0 and replacing λ0 → τ0. Then it can be written in the form that
is invariant under the rescaling of an affine parameter,∫
dλ gτ0(τ)〈Tab(τ)〉RKaKb ≥ −N2
27
5
(KaVa)
2
τ 30
, (73)
where V a is a velocity vector of the time-like trajectory. To compare with the quantum
inequality for strongly coupled fields in (62), we substitute V a with velocity (66), namely
(KaVa)
2 ≈ (τ0/L)6, into above result. For τ0 ≫ L, it seems to indicate that the quantum
inequality for strongly coupled fields gives weaker constraint than the one for free relativistic
fields.
To find the constraint on the negative null energy, we choose the small squeezing param-
eter F as in (50) and following the procedure above, the magnitude of the negative null
energy within the duration time ∆τ obeys an inequality,
|∆E|
Ω2
(∆τ)3 <
9N2
5
√
2
√
|α| (KaVa)2 , (74)
where (KaVa)
2 ≃ (L/τ0)6 ≪ 1. Thus, as compared with (65), we find that in strongly
coupled field theory larger ∆τ is allowed for a fixed |∆E|. Whether or not the above feature
is also true for other quantum states with negative energy density needs the further study.
V. CONCLUSION
In this paper, we have used the AdS/CFT correspondence to study the expectation value
of stress tensor in 2+1-dimensional strongly coupled quantum critical theories with Lifshitz
scaling symmetry. The holographic dual theory is the gravity theory in 3+1-dimensional
Lifshitz geometry. We adopt the consistent scheme to construct the boundary stress tensor
that satisfies the trace Ward identity due to Lifshitz scaling symmetry. The boundary stress
tensor, obtained from the gravitational wave deformed Lifshitz geometry, can be found up to
second order in gravitational wave perturbations, and is compared to its counterpart for free
21
scalar fields at same order in an expansion of small squeezing parameters. We can then relate
the boundary values of gravitational waves to the squeezing parameters of squeezed vacuum
states. We find that, in both cases with z = 1, the leading order term of stress tensor for a
small squeezing parameter reveals oscillation between negative and positive values in time
and settles to zero at late times. This piece can be identified with the principal based upon
the quantum interest conjecture in [17]. The subleading term is spacetime uniform with a
positive constant value, and can be identified with the interest. The averaged null energy
condition along the null trajectory with an affine parameter λ0 is studied in the z = 1 case.
We find that, although the sum of the leading and subleading terms in a small squeezing
parameter expansion may be negative for small λ0, the averaged null energy density then
becomes positive in the limit of λ0 →∞, which satisfies the averaged null energy condition,
and is thus consistent with the quantum interest conjecture [17].
We then try to find the associated negative lower bound to the averaged null-contracted
stress tensor, also for the case of z = 1. For the average over the complete null geodesic, the
bound exists for quantum critical fields while there is no such bound for free relativistic fields.
An alternative smearing is introduced, in that the null-contracted stress tensor is averaged
over time-like trajectories. For the trajectories along nearly null directions, the bounds are
found. We find the weaker constraint on the magnitude and duration of negative null energy
density in strongly coupled field theories as compared with the constraint in free relativistic
field theories. Thus, it implies that the negative energy density for strongly coupled fields
might be allowed to last longer, before the overcompensation from the piece of positive energy
density, than for weakly coupled fields. This might give some implications to the existence
of exotic spacetimes sourced by quantum fields with negative energy density. Whether or
not this feature remains true in more general time-like trajectories, spacetime dimensions
and other quantum states deserves future study.
VI. APPENDIX
In this Appendix, we will present the detailed description on how the inequalities (59)
and (61) are obtained. In the z = 1 case, the background is just the 3+1-dimensional AdS
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space and the metric can be rewritten from (4) as
ds2 =
L2
ρ2
(dρ2 − dudv − dvdu+ dy2) (75)
with the chosen coordinates ρ = L
r
, u = 1√
2L
(t + x2), v =
1√
2L
(t − x2) and x1 = yL . Then,
the perturbed metric can be parameterized as
L2
ρ2
(
dρ2 − dudv − dvdu+ dy2 + ρ3(tuudu2 + tvvdv2 + tuvdudv + tyydy2)
)
. (76)
In the limit of r →∞ (ρ→ 0) and using the identification (21), we can write
tuu =
8πG4L
3
〈Tab〉RKaKb +O(ρ2) , (77)
where Ka = (1, 0,−1) is described above. Other components of metric perturbations can
have the similar expansion, but here we will particularly focus on the tuu component. We
now construct a causal (time-like) trajectory in the bulk shown in Fig.1 given by
ρ¯(u) = ε
(
u0 − |u|
u0
)
,
v¯(u) =
ε2−∆
2u0
(
u0 + u
u0
)
+
ε3
2
∫ u
−u0
du′
(
u0 − |u′|
u0
)3
tuu(u
′, v(u′)) (78)
for −u0 ≤ u ≤ u0 and ∆ > 0. In addition, u = ±u0 are on the boundary. We require ε to
be small so the path is close to the boundary, and u0 to be large for having an interesting
bound. The (bulk) time-like condition gµν
dxµ
du
dxν
du
≤ 0 gives
(ρ¯′)2 − 2v¯′ + ρ¯3 (tuu + tuvv¯′ + tvv v¯′2) ≤ 0 . (79)
The prime here denotes the derivative with respect to u. With the prescribed path, the bulk
causality above is satisfied if
ε2−∆
u20
> O(ε6) . (80)
Having described the causal trajectory (78), the theorem in [52] shows that the end point
located at the boundary ρ = 0 must be also causally separated,
v¯(u0)− v¯(−u0) = ε
3
2
∫ u0
−u0
du′
(
u0 − |u′|
u0
)3
tuu +
ε2−∆
u0
≥ 0 , (81)
leading to the quantum inequality for the null energy density. Along the trajectory (78),
the value of the coordinate v is small, and tuu can be expanded in terms of small v. Thus
the inequality (81) gives,
2
u0
∫ u0
−u0
du′
(
u0 − |u′|
u0
)3
(tuu(u
′, 0) + ∂vtuu(u
′, 0)v¯(u′) + ...) ≥ −4ε
−1−∆
u20
. (82)
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Assuming that the integral over energy-momentum tensor and all its derivatives are all
finite [37], we may ignore the sub-leading terms if
ε−1−∆
u20
> O(v¯) . (83)
Then the inequality (82) becomes
2
u0
∫ u0
−u0
du′
(
u0 − |u′|
u0
)3
tuu(u
′, 0) ≥ −4ε
−1−∆
u20
. (84)
To satisfy (80) and (83), we find that the most stringent bound is obtained when considering
O(v¯) ∼ ε3u0, and letting ∆→ 0 and u0 → ε−4/3. The inequality (59) is obtained. Note that
in finding quantum inequalities, we ignore the order ρ2 terms in (77) in the form of ρ2suu
where suu is the algebraic function of the renormalized expectation value of stress tensor
and its derivatives [37]. Nevertheless for a bounded renormalized expectation value of stress
tensor such as the one in (52), and (53), the smeared tab over u is in general independent of
u0 or inversely proportional to the powers of u0. The corrections from the ignored terms,
when letting u0 → ε−4/3, are at most of order ε2, which give ignorable contributions as
compared with the lower bound in the right hand side of (84) in the limit of ε→ 0.
As for the average over the time-like path, we evaluate tuu along a path in the boundary
by setting v = −v(u) in (82). Then, in this case the most stringent bound which is solely
due to (80), is by setting ∆→ 0 and u0 → ε−2 to achieve (61).
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